Commutative power-associative nilalgebras of dimension 4 and characteristic ¡^ 2 are shown to be nilpotent and all their isomorphism classes are determined.
(2) R2=-2R ,.
x 2
x Setting y = x, z = x in (1), and noting that x3 = 0, gives R R + R 2R = 0, which with (2) implies that R3 = 0. Now choose any x £ A with x ¡Í 0, and set X = (x, x ). This is carried into itself by Rx, which therefore operates on the two-dimensional quotient A/X. As R is nilpotent, we have R2(A/X) = 0, so (yx)x £ X tor all y £ A, i.e., (yx)x -ax + ßx for some a, ß £ F. Since R = 0, multiplying by x shows that a = 0, after which using (2) and the fact that R is also nilpotent shows ß = 0 also. Thus yx = 0, and since every product is a linear combination of squares, this shows that the product of any three elements of A is zero.
In particular, A is associative, so we have (y, y , y ). Then X Cl V is a proper subalgebra of X, hence must be con- • (z + x ), which must vanish, we, find, using the fact that A A = 0, that it is 2x , a contradiction. If now we replace x by x + x , thereby replacing 2 2 3 3 3
x by x + 2x but leaving x unchanged, it follows that yx is also a multiple of x . In fact, yx = 0, for if yx3 = ax, then computing [(y + x3)2(y + x3)]
• (y + x ), which must vanish, one gets 2d x , so d = 0. We see now that re- The y of the theorem is not unique, but as dim A/A = 2, there cannot be, modulo A , two independent elements both annihilating A , so y is determined up to multiplication by an element of (F*) . As before, x will denote an element of A such that x3 ¡£ 0; then clearly y i (x, x , x ) so A = (x, x , x3, y). We have the following possibilities:
1. We can so choose x and y such that yx = 0. If y =0 then A is 2 3 2 3 unique, the direct sum of (y)and (x, x , x ), and is associative. If y = ßx with ß j¿ 0, setting y' = y/ß and x' = x/ß gives y' = x' . This unique algebra is also associative. If y = ax + /3x with a 4 0, replacing x by x + (/3/2a)x2 shows we may assume /3 = 0. Clearly a is determined at most up to multiplication by an element of (F*) , and it is easy to check that another choice of x and y replaces a by ac for some c ^ 0, so we have a family of algebras, all nonassociative, parameterized by the elements of F*/(F*) .
2. We cannot so choose x and y such that yx = 0. Therefore we cannot have yx = ßx since x(y -ßx ) = 0. Choosing any x with x /= 0, we may assume that yx = yx + Sx3 with y ¡¿ 0. Replacing x by yx + (<5/2)x shows we
